We propose and analyze a deterministic protocol to generate twodimensional photonic cluster states using a single quantum emitter via time-delayed quantum feedback. As a physical implementation, we consider a single atom or atom-like system coupled to a 1D waveguide with a distant mirror, where guided photons represent the qubits, while the mirror allows the implementation of feedback. We identify the class of many-body quantum states that can be produced using this approach and characterize them in terms of 2D tensor network states.
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quantum optics | delayed feedback | photonic quantum computation Q uantum information processing with optical photons is being actively explored for the past two decades (1, 2) . However, despite a number of conceptual (3) and technological breakthroughs (4) (5) (6) , the probabilistic nature of quantum gates limits the scalability of linear optical systems. Here we show that one can deterministically generate photonic states with the full power of universal quantum computation using quantum control of a single emitter in combination with time-delayed coherent quantum feedback (7) (8) (9) . Our approach is motivated by recent experimental progress demonstrating high-fidelity generation of single photons (5, 10) and deterministic quantum operations between single photons and emitters (11) (12) (13) in various systems (14) (15) (16) (17) (18) (19) . We present an explicit protocol to create a 2D cluster state (20) with a single atomic or atom-like emitter coupled to photonic waveguide. The delayed feedback is introduced by reflecting part of the emitted light field back onto the emitter. Our approach allows for deterministic generation of complex photonic entangled states and opens avenues to photonic quantum computation and quantum simulation using minimal resources already available in current state-of-the-art experiments.
Time-delayed feedback is a powerful tool in several areas of science and engineering (7) . In what follows, we show that delayed coherent quantum feedback can be used as a resource to generate quantum entanglement and already in its most basic form may enable universal quantum computation. We focus on quantum optical systems, where it was shown previously that multipartite entanglement between photonic qubits can be generated by a single emitter in a sequential emission process (21) (22) (23) . We demonstrate that the entanglement structure of the resultant state can be qualitatively enriched using timedelayed quantum feedback. While photons emitted in a generic sequential process are entangled only in a one-dimensional way, characterized by so-called matrix product states (MPSs) (24), we show below that delayed feedback leads to a higher dimensional entanglement structure captured by so-called projected entangled pair states (PEPSs) (25) . Significantly, while MPSs have limited use for quantum computation and simulation, as they can be efficiently simulated classically, PEPSs contain states that serve as a resource for universal measurementbased quantum computation (MBQC) (20) . The difference is rooted in the Markovian nature of the sequential emission process that severely restricts the class of achievable states. In contrast, time-delayed quantum feedback renders the system nonMarkovian, introducing an effective quantum memory that we harness to create a universal resource. While previous works proposed compensating for this limitation of Markovian systems by using multiple quantum emitters (22) , we stress that delayed feedback allows for enabling photonic MBQC already with a single emitter.
Photonic 2D Cluster State
The fundamental building block of our approach is a single, driven quantum emitter (Q) coupled to a 1D waveguide and a distant mirror as depicted in Fig. 1A . Our protocol consists of a repeated excitation of this quantum emitter, leading to an emission of a train of photon pulses into the waveguide, encoding qubits via the absence (|0 k ) or presence (|1 k ) of a photon in the k -th pulse. The mirror feeds these photons back to the emitter with a time delay τ , such that the photons can interact with the emitter more than once (Fig. 1B) . In this way, the emitter can create correlations not only between subsequently emitted photons but also between photon pulses separated by the time delay τ . Effectively this leads to a two-dimensional entanglement structure as we discuss now for the specific example of the 2D cluster state (see also Fig. 1C ).
For concreteness, we focus on an emitter (representing Q) with an internal structure depicted in Fig. 2A , supporting two metastable states |g1 ≡ |0 Q and |g2 ≡ |1 Q , which can be coherently manipulated by a classical field Ω1(t). The emitter can be excited from |g2 to a state |eL using a laser with Rabi frequency Ω2(t). Following each excitation, the atom will decay to
Significance
Creating large entangled states with photons as quantum information carriers is a central challenge for quantum information processing. Since photons do not interact directly, entangling them requires a nonlinear element. One approach is to sequentially generate photons using a quantum emitter that can induce quantum correlations between photons. Here we show that delayed quantum feedback dramatically expands the class of achievable photonic quantum states. In particular, we show that in state-of-the-art experiments with single atom-like quantum emitters, the most basic form of delayed quantum feedback already allows for creation of states that are universal resources for quantum computation. This opens avenues for quantum information processing with photons using minimal experimental resources. |g2 , emitting a photon into the waveguide. For now, we assume that the atom-photon coupling is chiral (26) such that every such photon is emitted unidirectionally-that is, to the left in Fig. 1A (see however below). Finally, another excited state |eR , degenerate with |eL , couples to the right, moving photons reflected from the mirror. We denote the corresponding decay rates by γL and γR.
Protocol. Our protocol starts by first generating 1D cluster states of left-propagating photons (21) . To this end, the atom is initially prepared in the state |0 Q . Then, a rapid π/2 pulse is applied on the atomic qubit, followed by a π pulse on the |g2 → |eL transition ( Fig. 2 A and B) . The subsequent decay from state |eL to |g2 results in entanglement between the atom and the emitted photon-that is, |0 Q |0 1 + |1 Q |1 1 . Repeating this pulse sequence for n times leads to a train of photonic qubits in the form of a 1D cluster state. An analogous scheme has been demonstrated in an experiment using a quantum dot (23), following a seminal proposal by Lindner and Rudolph (21) . Remarkably, the 2D cluster state is generated from exactly the same sequence if we take into account the effect of the mirror and the scattering of the reflected photons from the atom. We are interested in the situation where the time delay τ is so large that the k -th photon interacts for the second time with the atom between the generation of the (k + N − 1)-th and k + N -th photon. This is achieved, for example, by setting τ = (N − 1/2)T (with T the protocol period; see Fig. 2B ). Crucially, if the atom is then in the state |g2 , the returning photon is resonantly coupled to the |g2 → |eR transition, picking up a scattering phase shift of π without any reflection (26) . In contrast, if the atom is in state |g1 or the photon mode is empty, there is no interaction. This process implements a controlled σ z gatê
entangling the atom and the k -th photon. In turn, the subsequently generated k + N -th photon inherits this entanglement, thereby giving rise to an effective 2D entanglement structure (Fig. 1C) . Formally, the protocol can be interpreted as a sequential application of gatesX Q,k +NẐQ,kĤQ , on the atom and photonic qubits k and k + N , on the initial trivial state
One can show that after (M + 1) × N turns, this gives exactly the 2D cluster state on a M × N square lattice with shifted periodic boundary conditions (see Materials and Methods):
Universal quantum computation (27) can be performed by sequentially measuring each photonic qubit directly at the output port-for example, using another atom as a high-fidelity measurement device. This can be implemented using pulse shaping techniques (Fig. 3A) , allowing for a perfect absorption of each photon by the second atom (28, 29) .
Experimental Requirements. Photons generated in this pulsed scheme have a finite bandwidth B. To realize the controlled phase gate given in Eq. 1, this bandwidth must be small-that is, B γR (26); otherwise, the wave packet is distorted when scattered by the atom, reducing the gate fidelity, FZ (Fig. 3C) . Narrowbandwidth photons and high-fidelity gates can be obtained by shaping the temporal profiles, eliminating the error to first order 
in B/γR (Fig. 3C and Materials and Methods). We note that dispersive distortions due to photon propagation can be absorbed in a redefinition of the qubit states and do not affect the resulting state. Second, the information capacity of the feedback loop is bounded by the number of photons in the delay line, N . To well distinguish two consecutive photons, one can only generate them at a rate 1/T B (see Fig. 3D ). Therefore, the requirement for narrow-bandwidth photons is competing with the effective size of the emergent, second dimension N . This gives rise to the hierarchy N ∼ τ /T τ B γRτ required for a high-fidelity implementation of our protocol. Therefore, the required length of the delay line = τ c 2ng
, where c is the speed of light and ng the refractive index in the waveguide. In the optical domain-for example, using single quantum dots (15) or neutral atoms (13) with typical emission rates in the GHz regimethis leads to a length of ∼ N ng × 10 −1 m. Note that τ ( ) can be dramatically enhanced (reduced)-for example, via a dispersive slow-light medium (30) or techniques based on electromagnetically induced transparency (31) . At microwave frequencies, using superconducting qubits as quantum emitters, long delay lines can be realized by exploiting the slow propagation speed of surface acoustic waves (32) . Apart from these fundamental considerations, experimental imperfections will eventually limit the achievable size of the cluster state. One of the most important challenges is photon loss (33) in atom-photon interactions, often quantified by the so-called cooperativity ηj = γj /Γj (j = L, R), where Γj denotes emission rate into unguided modes from state |ej . Amplitude attenuation in the waveguide (with attenuation length κ) can be accounted for by an effective cooperativity ηL = γL/ΓLe −2 /κ . Large, high-fidelity cluster states can be obtained in the regime ηj 1, where the achievable system sizes scale as NM (1/ηL + 2/ηR) −1 (Fig. 3E) . High cooperativities have been demonstrated in nanophotonic experiments with neutral atoms and solid-state emitters (13, 15) .
Finally, we note that chiral coupling is not essential in realizing the above protocol. For example, in a cavity QED setting (12, 13) , the delayed feedback can be introduced by a distant, switchable mirror (Fig. 3B) . There, proper control of the mirror can ensure that each generated photon interacts exactly twice with the emitter. Moreover, in such a setting one can encode qubit states in photon polarizations rather than number of degrees of freedom, allowing the detection of photon loss errors.
Theory
In this section, we discuss the generation of 2D entangled photonic states using delayed quantum feedback from a more general perspective. We still consider the paradigmatic setup of delayed quantum feedback in Fig. 1A but now study arbitrary protocols that can be realized in such a setting. We completely characterize the class of photonic quantum states that can be generated in this setup in terms of PEPSs. This establishes a remarkable connection between non-Markovian quantum optical systems and condensed matter theory, where PEPSs appear naturally in the description of correlated many-body quantum systems in higher dimensions (25) .
To this end, we turn to a more abstract description of the dynamics depicted in Fig. 1 
(see also Materials and Methods).
Formally, the quantum system Q generates an output state by sequential unitary interaction with two qubits k and k + N on a 1D array, representing the photonic qubits. Assuming that the qubits are initialized in the state |0 , this process is descried by a map:Û
where |i, a, b ≡ |i k |a k +N |b Q denotes a state with k -th and k +N -th qubits and Q in states i, a, and b, respectively. Repeated application of such maps produces a quantum state |Ψ(k ) , describing Q and the string of photonic qubits after k steps:
[j ]|Ψ(0) .
[4]
Given the initial state, the wavefunction is entirely specified by the tensors U [j ] 
Physically, this isometric condition reflects the deterministic and sequential nature of the protocol. Importantly, every 2D tensor network state (or PEPS) that can be brought into a form respecting Eq. 5 can be constructed in this setting with a single quantum emitter and delayed feedback. Per construction, we showed that this includes universal resources for MBQC, but it also allows for designing protocols to create exotic 2D states of light, exhibiting topological order such as string-net states (34) We finally note that this possibility of creating PEPSs as output states of delayed feedback schemes allows for developing variational photonic quantum simulators of strongly correlated 2D systems, extending recently implemented proposals for 1D systems (18, 36) to higher dimensions. This is particularly important, since unlike in 1D, quantum simulators in higher dimensions cannot be efficiently simulated by classical computers.
Outlook
Our work can be extended in several ways, including the addition of multiple delay lines, leading to tensor networks in higher dimensions. This is of relevance for fault-tolerant implementations of MBQC using 3D cluster states (20) . Additionally, on can envisage implementing variants of MBQC that can tolerate up to 50% of counterfactual errors due to photon loss (37). Finally, besides nanophotonic setups, our "single-atom quantum computer" can be implemented in a circuit QED system with microwave photons (16, 18) , surface-acoustic, or bulk-acoustic waves (32, 38) .
Materials and Methods
2D Cluster State Representation. In this section, we prove that |ψ C 2D in Eq. 3 represents the 2D cluster state. To this end, we start first with the representation of the 1D cluster state on K + 1 qubits:
Using the swap operator S i,j that exchanges the quantum states of qubits i and j, we can rewrite the 1D cluster state as
where we used the relation Z b,c = S a,b Za,cS a,b and identified the K + 1th qubit with the ancilla Q. Note that throughout this paper, we use a convention where the ordering in the product is defined via
We now use the relation
where Hx is the Hadamard gate acting on qubit x. We note that this equality is not an operator identity but a property of states of the form |ψ Q ⊗ |+ v , where the qubit v must be in the state |+ v while the ancillary system |ψ Q may be in an arbitrary state, potentially entangled to other systems. Using these relations, our state can be written as:
We note that this representation of the 1D cluster state has been also used in ref. 21 . We now proceed to the construction of the 2D cluster state. From its definition, the 2D cluster state can be obtained from the 1D cluster state above by introducing additional entanglement (via phase gates) between qubits k and k + N (27) . This gives a 2D cluster state on a square lattice with shifted periodic boundary conditions, where the extend of the (shifted) periodic direction is set by N.
[10]
In the second line, we used the fact that [Z j,j+N , X Q,k ] = 0 for j > k, and Z k,j |0 j = 1 k ⊗1 j |0 j . Now we make use of the identity
where |ψ Q,m is an arbitrary state of Q and every qubit including m = n but not n. Again, this relation is not an operator identity but a property of a state where qubit n is in the separable state |0 n . Using this identity, we arrive at
which is (up to a shift of the index and a rotation of Q) exactly our protocol given in Eq. 3.
General Entanglement Structure. In this section, we provide details on the explicit connection between the class of achievable states from using a single emitter with delayed quantum feedback and 2D tensor network states (PEPS). To this end, we use induction to show that the repeated application ofÛ [k] in Eq. 4 results in a 2D tensor network that "grows" by an additional tensor in each time step (Fig. 4B ). This can be seen by induction: we assume that the quantum state of the system after k − 1 steps can be written as
where |0 is the input state of the k + N-th qubit (Fig. 1B) and 
where the second line is achieved by identifying
as a rank-5 tensor in Fig. 4A and by realizing that the summations over i k and i Q are equivalent to the contraction of vertical and horizontal bonds of newly introduced tensor U[k], respectively (see Fig. 4B ). We note that the generated network in Fig. 4B is contracted with shifted periodic boundary conditions. This inductive construction also shows that the arbitrary 2D tensor network satisfying Eq. 5 can be generated from our method via appropriate choice of unitaryÛ [k] . Interestingly, this class of states includes exotic states with topological order such as string-net states (34) or the ground state of Kitaev's Hamiltonian (35). For example, the latter state can be represented by a 2D network of translationally invariant tensors
, where i 1 , . . ., i 4 denote the states of four physical qubits in a unit cell and {a, b, c, d} run over bond dimension 2. This tensor explicitly satisfies Eq. 5 and can immediately be translated into a protocol similar to the one for generating the 2D cluster state-that is, using only controlled single photon generation and atom-photon phase gates between that atom and feedback photons.
Imperfections. Without shaping the wave packets of the emitted photons, each photon produced in a single step has a Lorentzian spectral profile, whose temporal profile is
where we chose a normalization dt|f(t)| 2 = 1. The scattering phase shift for the chiral forward scattering (if the atom is in state |g 2 ) is determined by the transmission:
such that the wave packet f(t) transforms intõ
It is straightforward to calculate the overlap
With this, we obtain the fidelity of the controlled phase gate:
[20]
If we shape the coupling via γ L (t) = can be obtained by γ L (t) = 2Be −B 2 (t−t 0 ) 2 √ π(1 − erf(B(t − t 0 ))) .
[22]
The corresponding fidelity of the phase gate can be calculated from . We note that the linear order in x vanishes in this expression unlike in the previous case without the shaping of a wave packet. This is a consequence of a temporally symmetric wave packet, which can significantly improve the fidelity. In the proposed implementation to create the 2D cluster state, the gatê X Q,k+N is realized by emission of a photon associated with the transition |e L → |g 2 during the second half of each time step with period T. In order for the gateX Q,k+N to work, we thus require T/2 to be much larger than the temporal extend of the emitted photon; otherwise, the next step in our protocol would proceed even before the gateX Q,k N is completed, leading to an error. The fidelity for this process can computed from the quantity
[24]
via F X = 1 − .
For large x = BT/4 1, we have → e −x 2 /( √ πx). In both cases, the gate fidelity approaches 1 exponentially, but in the case of a shaped photon wave packet, this approach is again faster.
